
Line Meets Circle Holden Mui

§ Problem Statement

In R3, tetrahedra ABDE, BCEF , and CAFD are congruent. Line ℓ intersects AD,
BE, and CF . Prove that ℓ meets (ABC).

§ Diagram
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§ Solution

Claim 1. The line through the centers of equilateral triangles ABC and DEF is per-
pendicular to each triangle.

Proof. Fix equilateral triangle ABC and the shape of the congruent tetrahedra. Since
the lengths AD, BD, and CD are fixed, there are only two choices for point D’s location,
which are symmetric about plane ABC. Additionally, the possible locations for E and F
are rotations of the choices forD about the line through the center of ABC perpendicular
to ABC. Since DEF must be equilateral, D, E, and F must all be on the same side of
ABC.

To finish the problem, let ℓax be the line through the centers of equilateral triangles
ABC and DEF , and let H be the hyperboloid of one sheet formed by rotating AD
around ℓax; the hyperboloid is not degenerate because ABDE nonplanar implies ℓax and
AD do not intersect. Lines AD, BE, and CF are contained in H, so ℓ meets H at three
distinct points. Since H is a quadric surface, this means ℓ is contained in H. Now, ℓ
must intersect the plane P through A, B, and C. Thus ℓ meets (ABC) = P ∩H.
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